Abstract: We present a systematic method to synthesize a coherent quantum robust H ∞ controller for a class of linear complex quantum stochastic systems, which is defined only in terms of annihilation operators, with norm-bounded structured uncertainties. This controller is required to be stable and strict bounded real in order to be physically realizable. The main idea of our approach is to introduce an additional uncertainty to form an artificial uncertain quantum system used to design the desired quantum controller. The H ∞ control objective is to achieve a strict bounded real closed loop quantum system with a specified disturbance attenuation level. The solution to this control problem is given in terms of stabilizing solutions to the parameterized complex Riccati equations.
INTRODUCTION
Coherent quantum feedback control is a class of quantum control techniques where the controller itself is a quantum system; e.g., see James et al. (2008) ; Nurdin et al. (2009) ; Maalouf and Petersen (2009) ; Harno and Petersen (2010) . Importantly, a coherent quantum feedback controller has to be physically realizable; e.g., see Petersen (2009a) ; Shaiju and Petersen (2009) . In this paper, we consider coherent quantum robust H ∞ control for a class of linear complex quantum stochastic systems with norm-bounded structured uncertainties. The dynamics of an uncertain quantum system in this class is determined only by annihilation operators and described in terms of linear quantum stochastic differential equations (QSDEs); see Maalouf and Petersen (2009) . Robustness against perturbations is also a central issue in quantum control studies; e.g., see D'Helon and James (2006) . The aim of applying a coherent quantum robust H ∞ controller is thus to achieve a strict bounded real closed loop uncertain quantum system with a specified disturbance attenuation level. It is possible to solve this quantum control problem based on the quantum H ∞ control methods presented in James et al. (2008) and Maalouf and Petersen (2009) . However, their methods do not always yield a stable and strict bounded real quantum H ∞ controller, which may not be physically realizable.
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We thus propose a new systematic method to construct a stable and strict bounded real coherent quantum H ∞ controller, which is guaranteed to be physically realizable.
The main idea of our approach is to introduce an additional uncertainty to form an artificial uncertain quantum system used to design the desired quantum controller; see Petersen (2009b) . The additional uncertainty has specific properties that for one particular uncertainty value, the artificial uncertain quantum system reduces to the original uncertain quantum system. Any suitable coherent quantum H ∞ controller will then satisfy the H ∞ control objective for the original uncertain quantum system. Also, for another uncertainty value, the artificial uncertain quantum system reduces to a particular open loop configuration such that the coherent quantum H ∞ controller must be stable and strict bounded real, and hence, is physically realizable. We then only provide a sufficient condition to obtain such a coherent quantum H ∞ controller. Note that this approach may introduce some additional conservatism in the quantum controller design process.
The solution to our quantum robust H ∞ control problem is given in terms of stabilizing solutions to parameterized complex Riccati equations; e.g., see Maalouf and Petersen (2009) . The coherent quantum H ∞ controller has the same order as that of the plant. Applying our method to a quantum optical system, we can build the quantum controller as a cascade of n generalized m-mirror cavities using passive optical devices such as optical cavities, beamsplitters and phase-shifters; see Petersen (2009a) .
We use the following notation throughout this paper. If M = [m jk ] is a p × q complex matrix, then M * , M T and M † denote the operation of taking the complex conjugate of each entry of M , the transpose of M , and the complex conjugate transpose of M , respectively. That is, M * = [m if M is an operator matrix, then M * denotes the operation of taking the adjoint of each entry of M .
PROBLEM STATEMENT

Linear complex uncertain quantum system
We consider a class of linear complex quantum stochastic systems with structured uncertainties: (see James et al. (2008) ; Nurdin et al. (2009); Maalouf and Petersen (2009) 
where a(0) = a 0 ; a is an n×1 vector of the plant annihilator operators; v is an n v × 1 vector of quantum noises; w is an n w ×1 vector of disturbance inputs; u is an n u ×1 vector of control inputs; ξ j is an n qj ×1 vector of uncertainty inputs; ζ j is an n sj ×1 vector of uncertainty outputs; z is an n z ×1 vector of controlled outputs; and y is an n y × 1 vector of 'measurement' outputs. All the coefficient matrices in (1) are complex matrices, which have compatible dimensions with those of the operators and signals in (1). Quantum systems of this form, defined only in terms of annihilation operators, can be used to represent interconnections of linear passive optical components such as optical cavities, beam-splitters and phase-shifters; e.g., see Maalouf and Petersen (2009); Petersen (2009a) .
The disturbance input w(t) and the control input u(t) in (1) are represented respectively as
where β w (t) and β u (t) are adapted processes and dν(t) and dµ(t) are the noise parts of (2) and (3). Meanwhile, dv(t) represents an additional quantum noise in the plant. The quantum noises dv(t), dν(t) and dµ(t) have corresponding Ito matrices F v , F ν and F µ and commutation matrices C v , C ν and C µ . Here, we assume that the Ito matrices are F v = F ν = F µ = I and the commutation matrices are
The j-th structured uncertainty in (1) is modeled as an additional unknown linear time-invariant complex quantum stochastic system:
with A j Hurwitz and transfer function matrix
which is required to satisfy
see also James et al. (2008) .
Coherent quantum controller
We aim to control the uncertain quantum system (1), (4), (5), (6) using a dynamic coherent quantum H ∞ controller, which is assumed to be a non-commutative stochastic quantum system. A general form of this controller can be written as
where c(0) = c 0 ; c is an n × 1 vector of the controller annihilator operators; w c0 and w c1 are respectively n c0 × 1 and n c1 × 1 vectors of non-commutative quantum Wiener processes with the Ito matrices F wc 0 = F wc 1 = I and the commutation matrices C wc 0 = C wc 1 = I. At time t = 0, it is assumed that a(0) andã (0) commute with c(0).
The quantum H ∞ controller (7) is required to be stable and strict bounded real, which implies that it is physically realizable. Referring to see Maalouf and Petersen (2009) , we define a physical realizability condition for the quantum H ∞ controller (7) in terms of its bounded real property. Definition 1. (see Definition 7.1 in Maalouf and Petersen (2009 )) The matrices F c , G c and H c are said to define a physically realizable controller of the form (7) if there exist matrices G c0 , G c1 , H c1 and H c2 such that
with c(0) = c 0 , is physically realizable when
Lemma 1. (see Theorem 7.2 in Maalouf and Petersen (2009) ) Suppose that the matrices F c , G c and H c in (7) are such that (7) is a minimal realization. Then, the coherent quantum controller (7) is physically realizable if and only if F c is Hurwitz and
Thus, the quantum controller (7) is bounded real. Remark 1. The matrices G c1 and H c1 can be set to zero as the exogenous quantum noise dw c1 term is not needed in the realization of the quantum controller (7). A consequence of Lemma 1 is that a strict bounded real quantum H ∞ controller of the form (7) must always be physically realizable with F c Hurwitz and H c (sI − F c ) −1 G c ∞ < 1. Also, the (strict) bounded real and physical realizability conditions of linear complex quantum systems can be found in Maalouf and Petersen (2009) .
H ∞ control objective
Interconnecting the quantum controller (7) with the uncertain quantum system (1), (4), (5), (6), we obtain a closed loop uncertain quantum system that satisfies the following H ∞ control objective:
where ε, π 1 , π 2 > 0 are real constants and
This objective is attained if the closed loop uncertain quantum system is strict bounded real with a specified disturbance attenuation level γ > 0.
MAIN RESULTS
An algorithm to construct a coherent quantum controller of the form (7), which leads to the satisfaction of the H ∞ control objective (11), has been provided in James et al. (2008) and Maalouf and Petersen (2009) . However, their algorithms do not always yield a stable and strict bounded real coherent quantum H ∞ controller, which may not be physically realizable. Thus, we are motivated to provide a new systematic method to synthesize a stable and strict bounded real quantum H ∞ controller based on the approach in Petersen (2009b) . In this case, we force the quantum H ∞ controller to be physically realizable.
The main idea of our approach is to introduce an additional uncertainty to form of an artificial uncertain quantum system used to design a physically realizable coherent quantum H ∞ controller. This approach only provides a sufficient condition such that any suitable quantum controller of the form (7) will lead to a strict bounded real closed loop uncertain quantum system with disturbance attenuation γ > 0 when applied to the original uncertain quantum system (1), (4), (5), (6). Moreover, the same quantum controller must be stable and strict bounded real when applied to a particular open loop uncertain quantum system, while achieving the closed loop H ∞ control objective. These properties hold even when the quantum controller is disconnected from the open loop uncertain quantum system; see Petersen (2009b) .
In order to apply this idea, we first consider the following uncertain quantum system:
with a(0) = a 0 . Here, the j-th structured uncertainty in (13) is modeled as an unknown quantum system:
withÃ j Hurwitz and transfer function matrix
for all j = 1, 2, . . . , k. We now present the following lemma required in subsequent sub-sections. Lemma 2. Consider the uncertain quantum system (13), (14), (15), (16) and let τ 1 > 0, . . . , τ k > 0 be given constants. Suppose that F in (13) is Hurwitz and the scaled quantum system:
wherȇ
is such thatJJ † < I and strict bounded real with
Then, the uncertain quantum system (13), (14), (15), (16) is strict bounded real with disturbance attenuation γ > 0.
Artificial uncertain quantum system
Prior to defining an artificial uncertain quantum system based on the original uncertain quantum system (1), (4), (5), (6), we need to construct a matrix K such that (F + G 2 K) is Hurwitz and the following uncertain quantum system:
with a(0) = a 0 and (4), (5), (6) is strict bounded real with disturbance attenuation γ > 0. This requirement is satisfied under a condition which is dependent on the existence of a solution to a parameterized complex Riccati equation defined as follows: Let κ 1 > 0, . . . , κ k > 0 be given constants and consider a complex Riccati equation
Assumption 1. Given constants κ 1 > 0, . . . , κ k > 0, the uncertain quantum system (1), (4), (5), (6) is assumed to be such that E 1 > 0. Lemma 3. Let κ 1 > 0, . . . , κ k > 0 be given constants. Suppose that the uncertain quantum system (1), (4), (5), (6) is such that Assumption 1 is satisfied and the complex Riccati equation (21) has a stabilizing solution X ≥ 0. Then, there exists a matrix K such that the uncertain quantum system (20), (4), (5), (6) is strict bounded real with disturbance attenuation γ > 0. That is, (F + G 2 K) is Hurwitz and
where
Using the matrix K as described in (24) and introducing additional uncertainty input dξ k+1 (t) and uncertainty output dζ k+1 (t), we form an artificial uncertain quantum system as follows: (see Petersen (2009b) )
where a(0) = a 0 ; dw(t) =β w (t) dt + dν(t);
Note that R is any n r × n r non-singular scaling matrix, where n r = 2n u + n z + n y ; w 2 and z 2 have the same dimensions as those of y and u, respectively.
In (25), the uncertainty input dξ j (t) is related to the uncertainty output dζ j (t) according to (4) for j = 1, 2, . . . , k. Also, the additional uncertainty input dξ k+1 (t) is related to the additional uncertainty output dζ k+1 (t) according to
where ∆ k+1 ∈ R is an unknown real scalar uncertain parameter satisfying |∆ k+1 | ≤ 1. Moreover, the H ∞ control objective for the artificial uncertain quantum system (25), (4), (5), (6), (27) is as follows:
where ε, π 1 , π 2 > 0 are real constants.
We now consider two special cases for ∆ k+1 in order to verify that any suitable coherent quantum controller of the form (7) for the artificial uncertain quantum system (25), (4), (5), (6), (27) is indeed stable and strict bounded real, and solves the original quantum control problem.
(a) (b) Fig. 1 . Block diagrams of the special cases I and II.
Special cases
Special case I: ∆ k+1 = 1. With this value of ∆ k+1 , it follows that the QSDEs (25) become
with (4), (5), (6) and a(0) = a 0 . We notice that the uncertain quantum system (29), (4), (5), (6) is the same as the uncertain quantum system (20), (4), (5), (6). Hence, the uncertain quantum system (29), (4), (5), (6) is strict bounded real with disturbance attenuation γ > 0 according to the construction of the matrix K and Lemma 3. This situation is illustrated in Fig. 1(a) where the quantum H ∞ controller Σ c is disconnected from the uncertain quantum system ( Σ a , ∆(·)) defined by (29), (4), (5), (6). It follows from the block diagram in Fig. 1(a) and the H ∞ control objective (28) that the quantum H ∞ controller Σ c must be stable and strict bounded real.
Special case II: ∆ k+1 = −1. It is straightforward to show that with this value of ∆ k+1 , the QSDEs (25) reduce to the original QSDEs (1) with (4), (5), (6) and dz 2 (t) = 0. Thus, if the quantum H ∞ controller Σ c is applied to the artificial uncertain quantum system (25), (4), (5), (6), (27), we will obtain a closed loop uncertain quantum system as shown in Fig. 1(b) . Here, (Σ a , ∆(·)) corresponds to the original uncertain quantum system (1), (4), (5), (6). This implies that the quantum H ∞ controller Σ c indeed solves the original quantum control problem where the closed loop uncertain quantum system is required to be strict bounded real with disturbance attenuation γ > 0.
From both cases, we conclude that if there exists a suitable quantum H ∞ controller of the form (7), which stabilizes the artificial uncertain quantum system (25), (4), (5), (6), (27) such that the closed loop quantum system is strict bounded real with disturbance attenuation γ > 0, then this quantum H ∞ controller also provides the same closed loop properties when it is applied to the original uncertain quantum system (1), (4), (5), (6). Also, the quantum H ∞ controller itself must be stable and strict bounded real.
Strict bounded real quantum H ∞ controller
Along with the results in Maalouf and Petersen (2009) , we use the approach of classical robust H ∞ control theory presented in Savkin and Petersen (1996) and Lemma 2 to synthesize a coherent quantum controller of the form (7) for the artificial uncertain quantum system (25), (4), (5), (6), (27) . To proceed with this approach, we first introduce scaling constants τ 1 > 0, . . . , τ k+1 > 0 so that we can rewrite the QSDEs (25) of the artificial uncertain quantum system as follows:
where a(0) = a 0 ; dw(t) =β w (t)dt + dν(t);
The H ∞ control objective corresponding to the quantum system (30) is stated as follows:
where ε, π 1 , π 2 > 0 are real constants. Here, we notice that theŇ -term, which appears in the QSDEs (30), results in a non-standard H ∞ control problem so that we apply a loop shifting transformation to eliminate this term; e.g., see Section 17.2 in Zhou et al. (1996) . To do so, we first need to satisfy the following assumption: Assumption 2. Given a non-singular scaling matrix R and constants τ 1 > 0, . . . , τ k+1 > 0, the uncertain quantum system (25), (4), (5), (6), (27) is assumed to be such thať N †Ň < I.
Then, we can define
and also
to the uncertain quantum system (1), (4), (5), (6) is strict bounded real with disturbance attenuation γ > 0. Remark 2. Although the coherent quantum controller (7), (42) is guaranteed to be physically realizable, the additional uncertainty in the artificial uncertain quantum system (25), (4), (5), (6), (27) introduces some additional conservatism to the quantum controller design process.
AN ILLUSTRATIVE EXAMPLE
To demonstrate the coherent quantum controller design method presented in Section 3, we consider an example of designing a strict bounded real coherent quantum controller for a first order optical cavity; see James et al. (2008) and Maalouf and Petersen (2009) . That is,
where k 1 = 2.25, k 2 = 1.00, k 3 = 1.00 and g = k 1 +k 2 +k 3 . We assume that the optical cavity (43) 
, which implies that the standard quantum H ∞ controller for the quantum system (43) will not be physically realizable; see Maalouf and Petersen (2009) .
Applying our method and a differential evolution algorithm (e.g., see Price (2008)), we then obtain γ = 0.9132 and τ 1 = 1.6641, and the quantum H ∞ controller is 
That is, X c = 0.0095, which is then used to determine G c0 and H c2 as follows: such that the quantum H ∞ controller (44) is physically realizable. Meanwhile, G c1 = 0 and H c1 = 0 as they are not required in the realization of a coherent quantum controller; see Remark 1. Now, using (44) and (46), we can apply the algorithm presented in Petersen (2009a) to physically construct the quantum H ∞ controller (44) as a generalized 2-mirror cavity with two inputs and two outputs as follows: using passive optical devices such as optical cavities, beamsplitters and phase shifters. Applying the quantum H ∞ controller (47) to the quantum system (43), we obtain a closed loop quantum system as shown in Fig. 2 with k c1 = (4.6907) 2 , k c2 = (0.0011) 2 andF c = − 1 2 (k c1 + k c2 ).
CONCLUSIONS
We have presented a systematic method to solve a coherent quantum robust H ∞ control problem for a class of linear complex quantum stochastic systems with norm-bounded structured uncertainties. This method results in a stable and strict bounded real quantum H ∞ controller, which is thus physically realizable.
